The strut and tie models have been widely used as an effective tool for designing reinforced concrete structures. The concrete is considered to carry only compressive forces through, while the tension forces are carried by reinforcing steel. The strut and tie model is effective for designing disturbed regions, however, it is essential that the designer should have a minimum level of experience to assume optimum trusses. In this study, a generalization of the strut and tie model is introduced through the micro truss model, in which, small isotropic truss members are used and the macro strut and tie model are automatically obtained. Both material and geometrical nonlinearity are introduced. The proposed model can be used for both design and checking the nonlinear response of reinforced concrete structures. The model has been verified through published experimental results. Rational steps of design have been incorporated and examples of design have been illustrated.
Introduction

Strut and tie models
Strut and tie model is considered a rational and consistent basis for designing cracked reinforced concrete structures. It is mainly applied to the zones where the beam theory does not apply, such as geometrical discontinuities, loading points, deep beams and corbels. The approach is justified by the fact that reinforced concrete carries loads through a set of compressive stress fields, which are distributed and interconnected by tension ties. The ties may be reinforcing bars, prestressing tendons or concrete tensile stress fields. A sample of strut and tie model is shown in Fig. 1 , which represents a continuous deep beam under point loading (MacGregor 1992) Strut and tie models were firstly proposed by Ritter in 1899 as a simple truss model to visualize the internal forces in cracked beams. This model was the basis for Ritter (1899) and Morsch (1909) for the design of concrete beams. Afterwards, it was refined by Kupfer (1964) and Leonhardt (1965) . Marti (1985) created the scientific basis for a rational application in tracing the theory back to the theory of plasticity. Collins and Mitchell (1986) further considered the deformation of the truss model and derived a rational method for shear and torsion.
Lattice model
In the lattice model, the continuum is discretized in a network of brittle beam or truss elements. The procedure was proposed in 1941 by Hrennikoff, who used large trusses to solve the problem of elasticity. Herrmann (1991) applied the same model again for modeling fracture. Herrmann used beam elements and fracture was simulated by removing beam elements as soon as specified failure strength was reached. The model proposed by Herrmann was linked to a finite element code by Vervuurt and Van Mier (1993) . They used different arrangement of the lattice members, in which either a regular triangular lattice or a random lattice distribution was used. In both cases, the used lattice element was a beam element. The model was used on the micro level in order to simulate the fracture of concrete. (Vervuurt and Van Mier 1993) .
(1993). The analysis represents axial tension test of plain concrete in which the aggregate, the surrounding matrix and the interfacial zone are reasonably simulated. Niwa et al. (1995) have developed another lattice model to explain the shear resisting mechanisms. That model is a macroscopic model in which the concrete is modeled into a flexural compression member, a flexural tension member, a diagonal compressive member, a diagonal tension member and an arch member. The reinforcement is modeled into horizontal and vertical members. The layout of the model is shown in Fig. 3 . The main difference between this model and the lattice model of Vervuurt (1993) is that this one is a macroscopic one while Vervuurt's one is a microscopic model. The ratio of width of arch member to beam width "t" was determined to minimize the total potential energy that is computed for a unit shear force acting on the concrete beam. The depth of the flexural compression member is made equal to the depth of the flexural compression zone at the flexural ultimate state. The depth of the flexural tension member is assumed to be twice the distance between the centroid of the tensile reinforcement and the bottom fibers of the beam. The height of the lattice model is assumed to be coincident with the effective depth of the beam. Thus, the diagonal members and the arch members are placed so as to connect the top surface of the beam and the centroid of the tensile reinforcing bars. The horizontal distance of vertical members is assumed to equal half the effective depth. Therefore, the thickness of the truss member and the arch member are equal to (d/2) sin 45º and d sin θ, respectively where d is the depth of the beam and θ is the inclination of the arch member.
Modified lattice model
The model of Niwa (1995) predefines the tension members, compression members and diagonal members. Niwa did not discuss whether his model is also applicable to deep beams, beams with openings, geometrical discontinuities or not.
Proposed model
The proposed model adopts the conventional nonlinear analysis of trusses using the stiffness method. The novelty here is the application methodology itself. The proposed model is a microscopic model, similar to the lattice model of Vervuurt (1993) . However, in the proposed model, the members are isotropically arranged, the stiffness of the members is calculated based on the dimensions of members, and fully nonlinear behavior is adopted for either concrete members or steel members. The objective of the present model is to simulate as well as to design reinforced concrete structures, which was not the goal of the lattice model of Vervuurt (1993) . Therefore, in the present model the arrangement, the stiffness, the constitutive models and the objectives are dissimilar to lattice model's ones.
It is also believed that the present model can be a generalization of Niwa's model (Niwa 1995) , which is a macroscopic model. Niwa's model needs to predefine the compression members, the tension members and the dimensions of both depending on the beam theory. In a complicated structure, like deep beam with opening the author believes that Niwa's model is not applicable. However, as will be illustrated later, the micro truss model is capable of analyzing general shape of structures. The micro truss model is also more advantageous than Niwa's model in the sense that the usage of small-size element enables the simulation of discrete cracks.
It is also believed that, a generalization of the strut and tie model can be introduced through the micro truss model. Micro truss model can automatically capture the macro struts and ties during analysis and could be helpful to engineers to design complicated structures.
Formulation
The general form of the micro truss
The micro truss model is a kind of generalization of the strut and tie model. The structure is divided into relatively large number of nodes that are connected by truss elements. The truss elements in fact represent the continuum isotropically. Figure 4 shows the general form of the micro truss model. For each neighboring four nodes, there are two horizontal truss members, two vertical ones and two diagonal ones. The width of each member is assumed to equal the distance between the midway of the distance between the member and the two surrounding members (to its right and its left). The horizontal members carry the normal stresses in the horizontal direction while the vertical ones carry those (Niwa et al. 1995) .
in the vertical direction. The diagonal members can transfer the shear through a mechanism of compressing one element and pulling the other. If the mesh is rotated 45 degrees, the role of the members is reversed. The horizontal and vertical members then carry shear loading while the diagonal members carry the normal stresses. Therefore, the model is expected to simulate flexural cracks and diagonal cracks. In other words, it is expected to simulate the flexural failure, the diagonal tension failure, the shear-compression failure and the diagonal splitting cracks. However, in the micro truss model, the aggregate interlock is not taken into consideration. Therefore, the proposed model can't simulate the sliding shear failure mode and may not be able to simulate the size effect for shear.
In Fig. 4 we can notice that the steel reinforcing bars are easily simulated. However, it should be kept in mind that the steel bars directions are limited to be horizontal, vertical and 45 degrees inclined. The author believes that, this limitation does not cause severe problems since practically most of the reinforcement bars are aligned as such. However, reinforcing bars can be aligned in any other directions by using anisotropic reinforcement in horizontal and vertical directions respectively.
Full compatibility between steel and concrete at their interface is assumed. This assumption matches the reality for deformed bars, since the bar ribs interlock with the surrounding concrete and deform together (Okamura and Maekawa 1991) . However, the slippage or the "relative deformation" between reinforcing bars and the far concrete, takes place as shown in Fig. 5 .
Formulation of the stiffness matrix
The global stiffness matrix of each truss member can be formulated directly by assuming unit displacement in the global directions as shown in 
where c = cos, s = sin, E is the tangent stiffness of the stress-strain curve of the constituent material, A is the cross sectional area of the member and L is the length of the member. It should be mentioned that, the tangent stiffness has to be limited so that it is not zero or negative in order to avoid divergence during the analysis. In fact a limiting minimum stiffness of 0.05 times the initial stiffness is used here. Once the individual stiffness matrices [S] g for each member are determined, the overall stiffness matrix [K] is assembled.
Material nonlinearity
The element size in the micro truss model is chosen to be relatively small. Therefore, the constitutive laws adopted here should represent that micro level. In other words, the bare bar behavior and the plain concrete behavior must be used. The concept of tension stiffening is meaningless here since it averages the behavior along relatively long gauge length containing several cracks. 
The use of such small-size elements in fact enables the simulation of discrete cracks, and the tension stiffening could be an outcome of the micro truss model. The behavior of steel is a local point-wise behavior in which stress strain relationship of a bare bar is used.
Concrete
Concrete in tension is simulated as plain concrete. After the concrete cracks the bridging tensile stress transferred across the crack surface drops very fast. The residual tensile strength is usually simulated as a post-cracking tension softening model. For this purpose, the post-cracking tension-stiffening model of Okamura (1991) is used with adjustment of the power coefficient C in order to apply the model effectively to the tension softening case. The model yields,
where f t is the tensile strength of concrete, cr ε is the cracking strain and ε is the strain. The coefficient C is dependant on the fracture energy of plain concrete (G f ) as well as the size of the element. Considering that the plain concrete element is so small that it is expected to be crossed by only one crack as illustrated in Fig. 7 , the residual stress-strain behavior after cracking is clearly dependant on the element length and the bridging stress transferred across the crack surface which, in its turn, depends on the fracture energy of concrete (Bazant and Oh 1983) . The area under the stress-strain curve multiplied by the element length represents the fracture energy. Thus, the coefficient C is computed.
The fracture energy of plain concrete ranges from 0.1 to 0.15 N/mm (Uchida et al. 1991) , and is kept constant regardless of element size.
Concrete in compression follows the elasto-plastic and fracture model (Maekawa and Okamura 1983) as follows, : Plastic strain corresponds the total strain ε, and ε peak : Peak strain for concrete under compression.
In fact, tension and compression models are not independent with regard to their characteristic directions, but are mutually related in one way or another. However, for simplicity the interaction among them is not considered in this study since the effect of hysteretic interaction is not so significant in monotonic loadings.
Reinforcing bar
Reinforcing bar is simulated by Okamura's model for bare bars (1991). The stress is linear elastic up to yielding point and after a certain yielding plateau it starts strain hardening in an exponential form, as shown in 
Geometrical nonlinearity
Geometrical nonlinearity is simply introduced by updating the displacements every-iteration and computing the strains based on the most updated displacements. As illustrated in Fig. 8 , the new position of the member is used to compute the elongation, hence the current strain. An example is shown in Fig. 8 for a horizontal member experiencing only relative vertical displacement at its ends. If geometrical nonlinearity is not taken into consideration, the strain will be zero. However, if the geometrical nonlinearity is considered, the relative vertical displacement will cause some elongation in the member which means that normal strain exists.
Geometrical nonlinearity is thought to be relatively significant in the micro truss model, because geometrical changes are relatively higher in small-size elements. Fig. 7 Nonlinear constitutive models of constituent materials (Okamura and Maekawa 1991) , (Bazant et al. 1983) , (Uchida et al. 1991) , (Maekawa and Okamura 1983) .
Element Length
Therefore, geometrical nonlinearity was taken into consideration in the present study.
Algorithm of nonlinear analysis
The nonlinear algorithm is shown in Fig. 9 . In this algorithm, a step-iterative procedure is followed till getting an acceptable convergence. The convergence criterion here is to minimize the sum of the squares of the residual forces (unbalanced forces) at joints. The essential steps in the analysis scheme are; 1) In the beginning of analysis, the geometry, the boundary conditions and the incremental load vector {f} are input to the solver. 2) The overall stiffness matrix [K] is calculated as a function of the initial stiffness of the constituent material, i.e. stiffness at strain equals zero, as mentioned above.
3) The system of equilibrium equations
[K]{d}={f} is solved and the nodal displacement vector {d} is obtained. 4) Once the nodal displacements are determined, the strain in each member is calculated from its end displacements (the component of the end displacements in the direction of the member), and consequently both the stress and the tangent stiffness can be calculated from the nonlinear constitutive laws of the constituent materials. 5) The force in each member is calculated by multiplying the stress times the cross-sectional area. 6) The nodal forces vector {f1} that corresponds to the current displacement field {d} is then calculated. At each node, the nodal forces are computed as the algebraic sum the horizontal and vertical components of the forces in the truss members meeting at the node of concern. 7) Thus, the unbalanced load vector {∆f} is determined by subtracting the compatibility nodal forces vector {f1} from the load vector {f}. 8) The convergence is checked for the unbalanced load vector {∆f} and if the convergence criterion is not met, another iteration is carried out. 9) In the new iteration, the tangent stiffness matrix
[K] is calculated based on the current displacement field of the nodes {d}, and the equilibrium equations are again solved to get the displacement field {∆d} that corresponds to the unbalanced load vector {∆f} as [K]{∆d}={∆f}. 10) The deflection is then updated by summing up the displacement vectors {d} and {∆d}. 11) The unbalanced load vector {∆f} is determined again based on the most updated displacement vector {d} as explained above in steps 4, 5, 6 and 7. 12) The convergence is checked again for the unbalanced load vector {∆f} and if the convergence criterion is not met, another iteration is carried out, and so on till getting the proposed accuracy for the solution. When the convergence is fulfilled, the next load increment is analyzed and so on.
Analytical results
Verification of computations
As a verification of the computational tool, nonlinear analysis is carried out on two published experiments. In order to cover different structural members, the first experiment was a shallow beam tested by Shin (1988) , while the second one was a continuous deep beam tested by Ashour (1997) . The beam tested by Shin was 2400 mm length and had a cross section of 200 x 600 mm. The reinforcement was one bar with 19 mm diameter and there was no web reinforcement used. Due to symmetry, the computations were carried out on one half of the beam as shown in Fig. 10(a) . The yield stress of reinforcement was 350 MPa. The concrete compressive strength was 30 MPa while the concrete tensile strength was 2.5 MPa. The elasticity modulus of steel was 210000 MPa while that of concrete was 24000 MPa. The mesh discretization was decided so that both the horizontal and vertical members were 30 mm length. This length can practically be considered small enough to be crossed by one crack at most. Figure 10(b) shows the computed deflection and cracking pattern. In this cracking pattern, members that have been cracked are removed from the drawings, resulting in the shown pattern. Figure 11 shows the forces in both the compressive struts as well as the tension ties. The width of each member is proportional to the force value in that member. Figure 12 shows the load-central deflection relationship for both the experiments and the computations. The results seem to be fairly acceptable. Shin (1988) . reinforcement is shown in Fig. 13(a) . The yield stress of longitudinal top and bottom reinforcement was 500 MPa while that of horizontal and vertical web reinforcement was 360 MPa. The concrete compressive strength was 30 MPa while the concrete tensile strength was 4.24 MPa. The elasticity modulus of steel was 200000 MPa while that of concrete was 24000 MPa. The mesh discretization was decided so that both the horizontal and vertical members were 31.25 mm length. This length can reasonably be considered small enough to be crossed by one crack at most.
The analytical deflection profile is shown in Fig.  13(b) . The experimental cracking pattern is drawn in Fig. 14 in comparison with the computed principal strain contours, which is a very good representative of the analytical cracking pattern. The struts and ties are shown in Fig. 15 . The load-central deflection curve shows a good agreement between both the computations and the experiments as pointed out in Fig.16. Hoogenboom (1998) 
Micro truss model as a design tool
Load (kN)
Displacement (mm) designing a structure using the stringer and panel method, 1) Choose shape and dimensions using experience.
2) Establish all load cases and load combinations 3) Perform a linear elastic analysis for all load combinations 4) Select the reinforcement and improve the concrete dimensions 5) Perform a nonlinear analysis of each load combination with nonyielding steel members 6) Improve the reinforcement 7) Perform a simulation with accurate material behavior of the dominant load combinations up to failure in order to check design 8) Detail the reinforcement The procedure of Hoogenboom has been adopted here. Instead of simulating the structure with stringers and panels, it is simulated herein with truss members.
A design example: Deep beam with opening
A deep beam with a hole that was shown by Schlaich et al. (1987) as a characteristic application of the strut and tie model is studied here through the micro truss model. The design of Schlaich and the material strengths are shown in Fig. 17 .
The procedure of design described before is adopted herein. Elastic analysis is carried out first and reinforcement was selected. The analysis is then repeated introducing concrete nonlinearity while the steel remains elastic. The reinforcement is then refined and finally fully nonlinear simulation is performed to check the performance of the structure. The load-displacement relationship for the three main design steps (the elastic, the non-yielding and the fully nonlinear steps) is shown in Fig. 18 . The selected reinforcement from both the elastic analysis stage and the non-yielding analysis stage is illustrated in Fig. 19 . The analytically computed struts and ties are illustrated in Fig. 20 for the main design analytical steps.
Two alternative designs were proposed. In design # 2, additional diagonal reinforcement is added to close the diagonal crack passing along the line from the point load to the opening's corner. In design # 3 the horizontal web reinforcement was curtailed to copy that of Schlaich (1987) . The reinforcement and the computed struts from the three design alternatives are shown in Fig. 21 . The simulated load-deflection relationships are shown in Fig. 22 . It can be seen that design # 3 is the most economical one since the designed capacity is very close to the desired one, while design # 2 is a little conservative.
Comparing any the three designs to the design by Schlaich, it can be seen that the reinforcement of the micro-truss model is less than that of Schalich. This might be due to the following,
(1) The design of Schlaich is based on equilibrium strut-and-tie model, which is a lower bound solution. Therefore, over-estimation of reinforcement might exist. (2) The contribution of the non-cracked concrete (tension stiffening) as well as the contribution of the cracked concrete (tension softening) is neglected by Schlaich.
Conclusions
The micro truss model is a new efficient technique for reinforced concrete design. It is formulated with simple stiffness method formulations, where fully nonlinear algorithms are applied. The model may be regarded as a kind of generalization of the strut and tie models. While the strut and tie models needs experienced engineers, the micro truss model does not. The macro strut and tie model can be an outcome of the micro truss model. The new model can be used for both design and performance checking of reinforced concrete structures. For design purposes, the proposed model is simpler and faster than the regular finite element method. 
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